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Three-regular Subgraphs of Four-regular Graphs†‡
OSCAR MORENO AND VICTOR A. ZINOVIEV
For any 4-regular graph G (possibly with multiple edges), we prove that, if the number N of distinct
Euler orientations of G is such that N 6 1 .mod 3/, then G has a 3-regular subgraph. It gives the
new 4-regular graphs with multiple edges which have no 3-regular subgraphs, for which we know the
number of Euler orientations.
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1. INTRODUCTION
The Berge–Sauer conjecture (see [2, 3]) says that any simple (no multiple edges and loops)
4-regular graph contains a 3-regular subgraph. This conjecture was proved in [4, 6]. In [1, 2]
the Chevalley–Warning theorem was used to extend this result to graphs with multiple edges,
which are 4-regular plus an edge. Our main result, Theorem 2.2, presents the sufficient
condition for a 4-regular graph with multiple edges to have a 3-regular subgraph. It gives the
new 4-regular graphs with multiple edges which have no 3-regular subgraphs, for which we
know exactly the number of Euler orientations. A conjecture by Thomassen [5] says that any
4-regular connected graph with multiple edges and loops has a 3-regular subgraph, whenever
the number of vertices is even. Here we reduce this conjecture to the same conjecture for
graphs with only multiple edges, and one of the authors proved this conjecture [7].
2. A SUFFICIENT CONDITION
We consider the finite undirected graphs G D .V; E/ with multiple edges and without loops.
A graph G is k-regular if every vertex of G is incident with exactly k edges.
DEFINITION 2.1. Let G be a 4-regular graph with the n vertices: V D fv1; v2; : : : ; vng and
2n edges E D fe1; e2; : : : ; e2ng. A Euler orientation of G is a partition E D SniD1 Avi of
the set E of edges such that (i) Avi and Av j are disjoint for any i 6D j and (ii) each Avi has
exactly two edges both incident with vi . Let N D N .G/ denote the number of distinct Euler
orientations of G.
THEOREM 2.2. A 4-regular graph G with n vertices has a 3-regular subgraph if N , the
number of distinct Euler orientations of G, is such that N 6 1 .mod 3/.
PROOF. Let A D .ai j / be the n m .m D 2n/ incidence matrix of G : ai j D 1, if vertex vi
and edge e j are incident and ai j D 0 otherwise. Consider the system
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of n quadratic equations in the m variables X1; : : : ; Xm . This is, in fact, a system of n
multi-variable polynomial equations:
F1 D 0; F2 D 0; : : : ; Fn D 0; (1)
where Fi ; i D 1; : : : ; n, has the form Fi D X2i1 C X2i2 C X2i3 C X2i4 and 1  i1; i2; i3; i4  m.
Consider this system of equations over the finite field F of order 3. Following the technique
developed by Alon et al. [2, 3] suppose now that we have a non-trivial (i.e. not all Xi D 0)
solution. Let J  f1; 2; : : : ;mg be a set of indices j for which X j 6D 0 and let B be the matrix
obtained from A by deleting the j th column for each j not in J . Then the graph H whose
incidence matrix is C (the matrix obtained from B by deleting all zero rows) is a 3-regular
subgraph of G. The number S of solutions to the system above, is such that
S D
X
X1;:::;Xm2F
.1− F21 /.1− F22 /    .1− F2n /:
Now we multiply out the polynomial that appears on the right-hand side and for computations
over F (a field of order 3) we have that X3i  Xi and we can compute the number of solutions
modulo 3. In order to obtain only the trivial solution we must have S  1 .mod 3/ and
therefore the above sum must also be 1, when carried out modulo 3. Now
.1− F21 /    .1− F2n / D
X
AG.X1; : : : ; Xm/
where A 2 F and G.X1; : : : ; Xm/ run over all possible monomials in any subset of variables
fX21; : : : ; X2mg. The result now follows easily from the following two points:
(1) For the case when the monomial is composed of the full set of variables, A is exactly
equal to N .mod 3/, where N is the number of distinct Euler orientations, as defined
before. This follows from the fact that m D 2n is even and for an arbitrary i we haveX
Xi2F
X2i D −1:
(2) If G is such that it does not contain one of the variables X21; : : : ; X2m thenX
X1;:::;Xm2F
AG.X1; : : : ; Xm/  0 .mod 3/:
2
Clearly, Theorem 2.2 can be easily extended as follows.
THEOREM 2.3. A 2m-regular graph G has a p-regular subgraph (p is any prime, p − 1
 m) if N , the number of distinct Euler orientations of G, is such that N 6 1 .mod p/.
EXAMPLE 2.4. The 4-regular graph G has the 3-regular subgraph K4 (see Fig. 1), but the
number of distinct Euler orientations of G is equal to 16. So we conclude that our condition
N 6 1 .mod 3/ in Theorem 2.2 is only sufficient, but not necessary.
3. TRANSFORMATIONS OF 4-REGULAR GRAPHS
Now we consider a more general class of graphs. We allow not only multiple edges as before,
but also the loops. Assume that a loop is orientable in two ways. Then both Theorems 2.2
and 2.3 are true for graphs with loops without any changes.
The following statement follows immediately.
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LEMMA 3.1. Let G1 and G2 be any two graphs with the numbers of distinct Euler orienta-
tions Ni D N .Gi /, i D 1; 2. Define two new graphs G[0] D G1 0 G2 and G[1] D G1 1 G2
as shown on Fig. 2. Then (a) N .G[0]/ D N1 N2=2 and (b) N .G[1]/ D N1 N2.
THEOREM 3.2. Let G1 and G2 be any 4-regular graphs. Then (a) at least one of the graphs
G1, G2 and G[0] D G1 0 G2 has a 3-regular subgraph; (b) if both graphs G1 and G2 have
no 3-regular subgraphs, then the graph G[1] D G1 1 G2 also has no 3-regular subgraphs.
PROOF. (a) If both graphs G1 and G2 have no 3-regular subgraphs, then by Theorem 2.2
we have that N .Gi /  1 .mod 3/ for i D 1; 2. By Lemma 3.1(a) the graph G[0] has
N .G[0]/ D N1 N2=2. But N1 N2=2 6 1 .mod 3/ and, therefore, G[0] has a 3-regular sub-
graph by Theorem 2.2. Proof (b) follows from the simple observation that in the nontrivial
case when G[1] has a 3-regular subgraph the additional vertex v belongs to this subgraph which
implies that one of Gi also has a 3-regular subgraph. 2
Denote by Ds.s  1/ a 4-regular graph obtained from a cycle with s vertices by replacing
every edge by two parallel edges (D1 is a point with two loops). It is well known [2]
that Ds has no 3-regular subgraph, if s is an odd number. By direct calculations we have
N .Ds/ D 2.2s−1 C 1/. The following statement follows from Lemma 3.1 and Theorem 3.2.
THEOREM 3.3. Let l1; : : : ; ls be the arbitrary natural numbers, s  1. (a) For any 4-regular
graph G[0] of type Dl1 0    0 Dls
N .G[0]/ D 2
sY
iD1
.2li−1 C 1/ (2)
and G[0] has a 3-regular subgraph for all cases, when l1; : : : ; ls and s are not all odd. (b) If
all li are odd, any graph G[1] of type Dli 1    1 Dls has no 3-regular subgraph and
N .G[1]/ D
sY
iD1
.2li C 2/: (3)
372 O. Moreno and V. A. Zinoviev
vG Gv
e2e1
e3
e2
e3e4
e1
e4
f1 f2
f3 f4
v' v v''
FIGURE 3.
LEMMA 3.4. Let G be any 4-regular graph with n  1 vertices and v 2 V .G/ be an arbitrary
vertex. Let Gv be obtained from G as shown on Fig. 3. Then both graphs G and Gv have or
do not have 3-regular subgraphs at the same time.
PROOF. It is enough to prove that if any of the graphs has a 3-regular subgraph, then another
graph has a 3-regular subgraph also. First assume that G has a 3-regular subgraph, say H . If
none of the edges ei , i D 1; 2; 3; 4, is an edge of H (i.e. e1; : : : ; e4 62 E.H/), then we have
nothing to prove: H is a subgraph of Gv . So, assume that one of the edges, say, e1 belongs
to E.H/. Since H is 3-regular, the other two edges ei and e j , where i; j 2 f2; 3; 4g, i 6D j ,
should belong to the set E.H/. Then one can easily embed H into the graph Hv , a 3-regular
subgraph of Gv . For example, if e1; e2; e3 2 E.H/, then the graph Hv is obtained from H
by adding the vertices v0 and v00, both edges f1 and f4 and one of the edges f2 or f3. The
converse statement follows similarly. 2
For a graph G and arbitrary vertices v1; : : : ; vu 2 V .G/ denote by Gv1;:::;vu the graph,
obtained from G by the same procedure, as shown on Fig. 3. If G has a loop in vertex v,
which corresponds to the edges e1 and e2, then Gv does not have this loop. It gives the
following result.
THEOREM 3.5. Let G be any 4-regular graph G with n vertices and u loops, say v1,
v2; : : : ; vu , where n  u  1. Then a 4-regular graph Gv1;v2;:::;vu without loops has or does
not have 3-regular subgraphs simultaneously with the original graph G.
REMARK. Theorem 3.5 reduces the conjecture of Thomassen [5] for graphs only with mul-
tiple edges. This conjecture asserts that any 4-regular connected graph with an even number
of vertices has a 3-regular subgraph. Now we can say that this conjecture is correct [7].
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